Abstract. We study the Bratteli diagram of 2-Sylow subgroups of symmetric groups. We show that it is simple, has a recursive structure, and self-similarities at all scales. We contrast its subgraph of onedimensional representations with the Macdonald tree.
Introduction
It was found in [1] that the subgraph of the Bratteli diagram of irreducible representations of S n comprising odd-dimensional representations is a binary tree that branches at every even level. This tree is called the MacDonald tree. McKay conjectured that for a group G, the set Irr p (G) of irreducible representations of G of dimension coprime to p has the same cardinality as the set Irr p (N G (P )) of irreducible representations of the normaliser N G (P ) of a p-Sylow subgroup P of G of dimension coprime to p. The conjecture was proved for the family of symmetric groups in [8] . The conjecture is also proved for arbitrary groups for p = 2 in [3] . The 2-Sylow subgroup of a symmetric group is self-normalising, and thus by McKay's conjecture the odd dimensional representations of the symmetric group and the onedimensional representations of a 2-Sylow subgroup are equinumerous. This motivated the initial interest in the character theory of 2-Sylow subgroups of symmetric groups.
With the help of the online encyclopedia of integers( [9] ), we were able to associate a class of combinatorial objects which we call forests of binary trees to irreducible representations, and conjugacy classes, of the 2-Sylow subgroups of the symmetric groups. This paper recovers the entire theory in terms of these objects, yielding as consequence recursive methods to compute characters and the character table. We focus on the branching between representations using combinatorial operations on forests of trees.
Section 2 introduces notation and preliminaries and contains a recursive description of the character table of 2-sylow subgroups of S 2 k . Our main results are on the Bratteli diagram of representations of the 2-Sylow subgroup in Section 3. Section 4 describes the subgraph of one-dimensional representations in the Bratteli diagram of the 2-Sylow subgroup. This subgraph is also a binary tree that branches at every even level. We contrast it to the MacDonald tree to point out the key differences.
Basic concepts and notation
The structure of 2-Sylow subgroups of S n has been described in [6] . We adopt the notation that a positive integer n has the binary expansion 2 k 1 + · · · + 2 ks with k 1 > · · · > k s , and define Bin(n) to be the set {k 1 . . . k s }. Denote by P n a 2-Sylow subgroup of S n . Then we have:
Thus we turn our attention to H k , a 2-Sylow subgroup of S 2 k . From [6] , we have H k = H k−1 C 2 . An element of this wreath product is denoted (σ 1 , σ 2 ) , where σ 1 , σ 2 ∈ H k−1 and ∈ C 2 = ±1. The nonidentity element of C 2 , denoted -1, acts on the tuple (σ 1 , σ 2 ) to produce the tuple (σ 2 , σ 1 ). It is easily verified that this action results in a wreath product and that this is in fact a 2-Sylow subgroup. Elementary computations yield the three types of conjugacy classes of H k listed in Table 1 . In the following description, σ is a representative of a conjugacy class of H k−1 , and σ 1 and σ 2 are representatives of different conjugacy classes of H k−1 .
Type Representative # classes
Size of class(c k )
) is the size of the conjugacy class of H k represented by σ.
The enumeration of characters of H k uses Clifford theory, and we refer the reader to [2] for details of the methods used here. The irreducible characters of H k can be found by inducing irreducible representations of the normal subgroup H k−1 × H k−1 . The irreducible representations of this subgroup in turn are tensor products of two irreducible representations of H k−1 .
Let φ 1 and φ 2 be irreducible representations of H k−1 . If φ 2 is not isomorphic to φ 1 , then Ind 
If however φ 1 and φ 2 are isomorphic, with φ the representative of their common isomorphism class, the induced representation Ind
is the sum of two irreducible representations of H k . We call these the extensions of φ ⊗ φ. The restriction of either extension to H k−1 × H k−1 is φ ⊗ φ. It remains to find the character values of the two extensions on classes of Type III(see Table 1 ). From [7] we have that the values of the two extensions of φ ⊗ φ on the class (Id, σ) −1 are φ(σ) and −φ(σ) respectively. Thus we denote these extensions Ext + (φ) and Ext − (φ) respectively.
These results are summarised in Table 2 . Based on Table 2 it may be observed that the character table of H k can be recursively obtained. The template for doing so is Table 3 . The notation for representations and conjugacy classes comes from Table 2 and Table 1 respectively. Table 5 is obtained from Table 4 as an example of this method. 
The number of irreducible representations of H k , and the number of conjugacy classes of H k , is given by the recurrence:
The sequence (a k ) counts the number of 1-2 binary trees(see [9, Sequence A006893]) of height k. We define these objects now and provide bijections between them to the conjugacy classes and irreducible representations of H k .
Binary trees are well known in literature, and may be viewed as directed graphs where each vertex has at most a single incoming incident edge and at most two outgoing incident edges. We also require that a single unique vertex have no incoming incident edges, and we designate this vertex the root. All vertices that have no outgoing edges are called external vertices. For any vertex v, the set of all vertices on a (possibly trivial) path beginning at v induces a subgraph of the tree. This subgraph is also a binary tree, and we refer to it as the binary tree under the vertex v. This leads to the recursive definition of a binary tree T as a tuple (r, S) comprising the root vertex r and a multi-set S of binary trees. The elements of this multiset are called the subtrees of the tree T . The root may be joined by an edge to upto two vertices, and the trees in S are those under each of these vertices. The distance of a vertex is the number of edges on the unique path from the root to this vertex. If all the external vertices of the tree are the same distance away from the root this distance is designated the height of the tree. Thus we have that a 1-2 binary tree of height k is a tuple (r, S) where r is called the root vertex and S is a multiset of upto two 1-2 binary trees of height k − 1. The single unique tree of height 0 is called the trivial tree, and is represented (r, ∅). For consistency we call ∅ the empty tree.
A forest is a collection of trees. Given an integer n = 2 k 1 + · · · + 2 ks with k 1 > · · · > k s , and recalling convention that Bin(n) = {k 1 , . . . , k s }, we define a forest of size n as a tuple of binary trees (T 1 , . . . , T s ) where the height of the ith tree in this tuple is k i . A forest with a single element is identified with the tree that is its only element.
A tree with two identical subtrees is called a Type I tree, while a tree with a single subtree is called a Type II tree and a tree with two distinct subtrees is said to be of Type III. From Table 2 and Table 1 , the bijections are easy to deduce:
These two families of bijections extend to the case where n is an arbitrary integer, with Bin(n) = {k 1 , . . . , k s } according to convention.
The Bratteli diagram P is the Hasse diagram of the irreducible representations of the family of groups {P n } n≥0 , with a representation γ of P n−1 covered by the representation Γ of P n if γ is a constituent of Res
It is easy to check that this defines a partial order. Observe that P 2 k −1 = H k−1 ×· · ·×H 0 , or in other words P 2 k −1 = H k−1 ×P 2 k−1 −1 . An identification of H 0 with the diagonal subgroup of H 0 × H 0 is an embedding of H 0 in H 1 . This initial embedding recursively yields an embedding of P 2 k −1 into the subgroup H k−1 × H k−1 of H k . Let r 2 k be the restriction of a representation of H k to the subgroup
For instance if Γ is an irreducible representation of H k of Type III(see Table 2 ) and Res
Following as before the convention Bin(n) = {k 1 , . . . , k s }, an irreducible representation of P n is of the form φ 1 ⊗ . . . φ s , where φ i is an irreducible representation of H k i for i = 1, . . . , s. We extend Equation (8) to the general case by restricting the last component, φ s . Thus: (9) r n = Id × . . . Id × r 2 ks With Γ as before(an irreducible representation of H k ) and let T = θ 2 k (Γ) as defined in Equation (5) , define the down-set T − to be the multiset of the images under θ 2 k −1 of the irreducible representations of P 2 k −1 occuring in Res
(Γ). A forest of 2 k −1 occurs in T − as many times as the multiplicity of its corresponding representation in the restriction Res
(Γ). We define an operation Res on 1-2 binary trees to retrieve the downset τ − directly from the tree τ :
For instance, for the tree τ = (r, {T, T }), Res(τ ) is the multiset formed by adding T to the front of every forest in Res(T ). If τ = (r, {T 1 , T 2 }), and T 1 and T 2 are distinct subtrees, the multiset Res(τ ) is a union of two multisets, one where T 1 was added to the front of every forest of Res(T 2 ), and one where T 2 was added to the front of every forest of Res(T 1 ). The two terms of this union are disjoint since the largest trees in the forests of each(T 1 and T 2 are distinct).
Proposition 3.1. Let T be a 1-2 binary tree, and T − be its downset. Then Res(T ) = T − .
Proof. The proof follows by induction on the height of the tree. Say the tree is of height k. When k = 0 the result is a matter of definition(the restriction is ∅), so we begin with k = 1. There are two trees of height 1, namely T 1 = (r, {·, ·}) and T 2 = (r, {·}), where · represents the trivial tree. These correspond to the two representations in Table 4 . As can be seen, the restriction of both of these representations to the diagonal subgroup D ∼ = H 0 in H 0 × H 0 is the trivial representation. The result of Res(T 1 ) and Res(T 2 ) is (·), denoting the trivial tree. Now assume the result is true for trees of height ≤ k − 1. Let Γ be the representation of H k corresponding to T . If T (and thus Γ) are of type III(see Table 2 ), and let Γ = Ind(φ 1 , φ 2 ), then by Equation (2) and Equation (8):
Res
Since the result holds for k − 1, and by (5), T i is the tree corresponding to φ i for i = 1, 2, the down-set T − is Res(T ). A similar computation for trees of type I and type II complete the proof.
From Proposition 3.1 it is easy to see:
The down-set of a tree is either a single multiset as in the case of Type I and Type II trees, and a union of disjoint multisets otherwise. A simple inductive argument yields that the elements of the down-set are distinct-i.e: the down-set is in fact a set. The operator Res can be extended to forests of arbitrary size, following the cue of Equation (9) . With F = (T 1 , . . . , T n ) a forest of size n, we have:
Res(F ) = (T 1 , . . . , T s−1 ) × Res(T s ) The definition of a down-set may also be expanded to forests, and from Equation (12) we have Res(F ) = F − . Here too, the elements of a forest are all distinct.
The restriction operation is a partial order on the set of all forests; that is, a forest y covers the forest x if x occurs in Res(y). We call this partial order the restriction order. From the definition of the down-set of forests, and Proposition 3.1, the Bratelli diagram P may be identified with the poset of forests under the restriction order. We have established that the elements in the down-set of a forest are distinct, and thus: Proposition 3.2. The branching in P is multiplicity free.
Let P be the Bratteli diagram of the family {P n }, and given a tree T of height k, and m : 2 k ≤ m < 2 k+1 , P m T is the subgraph spanned by T and all forests of size between 2 k + 1 and 2 k + m that are comparable to T . A further consequence of Equation (12) is this result on the self-similarity of P:
Proof. The bijection that takes T to ∅ and every forest of size between k + 1 and k + m to the forest obtained by deleting T from the tuple is a bijection between the vertices of P m T and P m−2 k ∅ . Let F k+j and F k+j−1 of size k + j and k + j − 1 respectively(j ≤ m) and let F j and F j−1 be their images under the aforementioned bijection. There is an edge between F k+j and F k+j−1 if F k+j−1 ∈ Res(F k+j ), which occurs if and only if F j−1 ∈ Res(F j ), that is iff there is an edge between F j and F j−1 .
We end the section with Figure 1 which shows a portion of the Bratteli diagram P.
The one-dimensional representations of P n
We now turn to the subposet of one-dimensional representations of P. Theorem 1 of [1] states that the subgraph of odd-dimensional representations in the Bratteli diagram of {S n } is a binary tree that branches at every other level. We see that the subposet of one-dimensional representations of the family {P n } also has the structure of a binary tree(see Figure 2 ). An interesting bijection was discovered in [4] which mapped an odd-dimensional representation λ of S n to the unique one-dimensional representation T of its 2-Sylow subgroup that occured with odd multiplicity in the restriction of λ to this subgroup. However even though the MacDonald tree and the subposet of one-dimensional represenations in P are both binary trees, the bijection in [4] does not commute with restriction on both sides. That is, Figure 1 . Branching of irreducible representations till n = 11. with λ and T as before and µ the only odd-dimensional representation of S n−1 in the restriction of λ and τ the only one-dimensional representation in the restriction of T to P n−1 , the bijection does not necessarily carry µ to τ . We prove this by describing the structure of the subgraph of onedimensional representations of P, which we contrast with the description of the MacDonald tree in [1] .
The dimension of a tree θ 2 k (Γ) is defined to be the dimension of the representation Γ. The dimension of a forest is defined to be the product of dimensions of the trees in it. The dimension of ∅ is defined to be 1. By Table 2 we know that the only positive and negative extensions of a onedimensional tree are of dimension 1. The set O 2 k of one-dimensional trees of height k, is the union ∪ T ({r, (T, T )} ∪ {r, (T )}), as T ranges over the onedimensional trees of height k − 1. The subposet O of one-dimensional forests is k∈S O 2 k as S ranges over all finite subsets of the positive integers. The partial order is inherited from the restriction order on P.
Define a a binary encoding of one-dimensional trees, β 2 k acting on O 2 k as below:
Thus we have an encoding of one-dimensional binary trees as binary strings. The family β 2 k may be extended to β n , acting on every tree in a forest of size n. We call the tuples of binary strings so obtained a sequence of strings of size n. Thus, with Bin(n) = {k 1 , . . . , k s }: (14)
β n = β k 1 × . . . β ks We have identified the vertices of O with sequences of binary strings(strings are identified with a sequence with the string as the only entry). A onedimensional tree T of height k must contain a single one-dimensional forest F of size 2 k − 1 in its down-set, from considerations of dimension. Given a one-dimensional tree T of height k and the unique forest F occuring in the restriction of T to P 2 k −1 . Now let β 2 k (T ) = b and b be the binary string b with the leading bit removed, we recursively define an operation L on the string b that returns the element β 2 k −1 (F ):
Proof. This is a straightforward proof by induction. Recall from Equation (10) that Res(T ) = T × Res(T 1 ), where T 1 is the single unique subtree of the one-dimensional tree T . For k = 1, the lemma is true by definition.
Assume it is true for all trees of height less than k. It is true also for k if
. This is so by the construction of β.
We may extend the operation L to act on sequences of binary strings in a manner analogous to Equation (12). Given a sequence of strings S = (b 1 , . . . , b s ) of size n:
The result of Corollary 4.2 is that we may identify O, and therefore the subposet of one-dimensional representations of P, with a poset generated by sequences of binary strings with L providing the partial order. We denote by B the set of all sequences of strings of all positive integers. In all that follows we use B to refer to the set we just defined, as a poset under L. Now we describe B recursively. Let B m b be the subgraph of B consisting of a sequence of strings s of size n and all sequences of strings of size upto n + m that are comparable to b in B. Starting with a copy of These differences may be observed by contrasting Figure 3 to Figure 4 . Each node at the 2 k level in Figure 4 is on a chain that may be extended infinitely, in two ways-corresponding to the positive and negative extension of the tree. This is clearly untrue of Figure 3 , where by [1] there are only two infinite rays.
A Sage implementation of the bijection between forests and irreducible representations( also conjugacy classes) can be found at https://github.com/sridharpn/2-Sylow. 
